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SUPERCEITICAL
GASEOUS DISCHARGE WITH HIGH FREQUENCY OSCILLATIONS

LUII' CROCCO()

III.ASSVNTO. - La t-onoacenza del comportainenti di un effujiore 8uperritiCO quando le eeedtizioni a rionte do I-
1'efluiore seoto oseiiates-ie e imtportante in cono asione con tari problt ni retativ aeta propiisors a reamonie.
Vtiojn ha recenteinonte analizzato [a queslione net case di piccola arnpiezza di osillazione e toer nina dlittri-
bliziae linect-e di t-etoetd net/a parte suboonica dell'efnesre. AEqli ha niato /a an.Iuzione nici dite cai estresni
di treqtuea motto bos o mo/to alte facendo new di atoune ipotesi reatjUtive. Qui lo au"dio viene estrgo ad
ipotesi pli generali; ilre net casa di oacllazioni isentropiche viene data la sotuzionie pier tutte le jrequenze.

Introdction being the distance nionu the nozzle andi t the time.
Introdct~onThe third eqitation between the dependent %a-

Many gas flow systems;. with or without twinbustion. riables p',p, p' p til no' a is the energy equation or.
are terminated by a discharge nozzle. When the iure somply, t he (n-qtaatillu .xprceong the eoinstance of
stability of these systemss is studied, it in necessary entropy of any ifid mass whit we follow its motion
to determine the behavior of the nozzle tunder oscilla-
tory conditions, which may be quite different from u )y 0 (31 '
the corresponding behavior in steady state. The h t X ~) - X P - 7 -y )=
problem has recently been treated by 'lsien (ref. 1)
for supercritical discharge, this case being the most where .i' is the entropy perturbation. r* is the constant
interesting for its applications to the stability of volume specific heat, and y the adiabatic index.
combustion. in rockets or in combustors for jet de- In these equations u, duidx anti p/pu are to be
vises. Taien has investigated the case in which considered known functions of x, determined by the
the oscillations in the incoming flow are isothermal, nozzle shape. D~uo to the linearity of equiations fil,
and therefore non isentropic, and has ctomputed the [ 2], [3) the harmonic form of oscillatory time depend-
departures from the steady state behavior in the ence can be chosen, and, using the complex repre-
range of low frequencies, a well as the asymptotic sentation. the dependent variables can be written as
reaponse to very high frequencies. Unifortunately at.
the frequencies appearing in the study of high fre- - = y(X)'
qtuency instability are likely to be in the interme-
diate range, where none of Tsien's solutions can be p 8(Z) 4' (4)
used. Also the isothermal condition is not represent-
ative of most of the actual case. 'Te puarpose of - Viz) e,-
the present paper is the extension of Tsicn's treat-
ment to the non-isothermal case, and especially the where w is the angular frequency and 9, 8, v~ are
determination of the nozzle behavior in the intersue- complex functionq of x alone, At the nozzle entrance.
dises range of frequencies. x -x. the three functions htave certain values

9, S,, v.. The problem in which we are interested is

The quatonsfinding the distribtutions of ip. 8. v along the nozzle,
The eqe~on.but expecially determining the relations between

Celling p, p. u the presure. density and velocity 9,, B.. v.. These relations will in fact constitute the
in steady state, completely determined by the shape boundary conditions to be applied to the rest of the

of the nozzle, and p + p', p + p', ue + u' the cor. flow system as a result of the nozzle presence (1).
responding values in unsteady conditions: and Equation (3] is immediately integrated as
Assuming the perturbations p', p', u' to be smtall
compared with the unperturbed quantities. 'rsien So = ' P ' I *z

I__ lt J-ihas written the continuity and momentum equa- C. p Tp
tions in the following form, retaining only the first-
order terms in the perturbations the arbitrary function I being in general determined

I (.) 1_(.L ! )by the known time depenidance of the entropy at

P uj. P-- +4 --) =(1 r.. For the exponential time dependiance assumed

+( +2E u+ ui 1 =1 ill£tsd of deteninine these boundary oendtioO
Ys u P u X X(! (21 Talen bas preferrd to Introduce a - Transfer tunction, -iset-

p' du_ p I In" lg the fractional var~aton of mawn Bow to the fractional TO-

P Wx pa i xi p1 lan of preseore,. The iseulon of Talen's trands, function
con be smlt, extsrnded to the lion isoteral sft Howeer
we prefer net to use tbig onvt which has so direct; uMtit

ta) Ppetson 41 396tel Aeoviautlci male Scea do fugagueris in the appilostions. The presenut Procedure in eloosl 'e*I""
hAenstles duil'taIVseritil i ROM&s Attoebueflie Robert H. to the conventional oae of the - Iinpodenoo - IQ 60eoUW
tOoddard. Probdoof, JS PPopulIon Center. Prncneton- N, y- treetnsuts,
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ilk eiqottons1, [4] we obtain d

%,here the cmkseaut a represents the amnplitilde 4f anld 0.-linaliliu V 'Nilit t~e' helpl,' I I I fronto oti of

#hte eioropv o1stillation dividedl b ,. With the hll C*1(tt i'~lal li %%- ,3 mn
as~sumption [11 and the relaltion [5] 3(43luation% (I]
and [21 are reduteel to tilo tctlowing sys1tr of ord i. 'it S / 2 i d 8 2 4 - i 3 8

nary differenttial equaitionls itt v and 8 (f-i + Z (r--

+ ti+i8(,ip)( -vl [2

dv V 
t d el d ,d 8 2 ±. 4. a) E~quat ion [l 21 IS ;L 1iu 1omogetieolts comnplex

Tz d x I-dZC hy~'rgeont-tric .. t Oatta. %wth singularities at -. ,

e wd WE eu ) i r I z .1 andj: X,. ()f these singulabritics only tile one
y ~ ~ ua at - =lIis iinportant for our problem. mince tile other

are out of the range of variability Of -. which musts
in which c is the sound velocity. It is esil Y seen he contained hetween a non-vatlishing mninimumn

that these equations present a singularity at it r.c at tile entrance oif thle nozzle and a finite nmaximuimf

that it; at the sonic throat; where therefore Only One at its ecit %nhe si lar 1oin TL i a particular

family of solutions remains regular. came of thle more general singularity of eqjuations[i.

Equations [6) could be dliscussed ani solved nurne-
rically for general nozzle shape. H~owever thle nu-
meirical. integration can be avoitded if, following Tsienl, This coviditilon at this sonic threat
we confine our attention to nozzles in which u increa-
ses linearly with x in the subsonic portion of the Tsien has observed that mince the motion its super-

nozzle, this condition being not tooj restrictive since sonic in the divorging part of the nozzle no wave
many actual nozzles have practically linear velocity can he transmtittedl backwards to the throat, and
dlistribution near the mortic throat., antI min~tis is therefore thle pr)tw5atioit of thle oscillations "lust

the region ill which an attalytit-al solution is patrticul- always take plate toward thle dov.-nstrearn direction.

arly useful. We take therefore He lois therefore used thle "ontlition that thle propa-

111 it Cgation %eltttity V: (X? tItist always he Iseitive. if C
"U 6$i's tletitt .l Ity the, fonula

with r5 representting thle so-called critical sfsund speed +P )±t.(..!jx
reached at the throat, wherx .c x., andi 1 o=x - x

representing th3 length Of r112 Sllb$Ottic poto of tile substitutingt from [41 we have i -3ci 81(d 8jdx.

nozzle. The v mlition that U intmst reninin of the -otlne $3Ct3

Moreover we take with Csien at tiew iitdepetitlettt throughtout the nozzle means that it multst ntever

variable vanish. and therefore jid 8ldx),8 must remain finite.

I2L~ This conditioin is nut satisfied if the solutiont iq in-
\Z.J 'C.)gular, with the inmportant cotnsoqtieile that only a

maliition which is regular is compatible with the condli-
in terms of which we have tion of downstream propagation. This conclusio.

which is true for the most general case considleredl in

+i , -Y-~ equations [a], allows a more concise anti mathemnati-
2 2 /cally more definite expression of the condition at

[91 thle throat. The same result is obtained on a more

S- log- physical basis by considering that a wave of fintite
Ut.t 2e. ameplituide at the sonic throat cannot send but infi-

nlitesimalI waves upstream. since the upstreamn pro-
where z. represents the assigned valun of [sI at the pagation velocity is zero, and therefore only waves

noztzle entrance; and we define a reduced angular of infinite amplitude at the sonic throat can seund

frequency finite waves upstream. The absence of upwards

!!! -' I Wi [1 moving waves is therefore connected with the sup-

C* Ctd . CO presaion of all singularities at the sonic throat 0I).

tntreducing (7]. [8]. [9). [101 in equations [8] We (i The kiltbor is indebted to drt. 16.Lyratots, mere rig",

And.olimnatiq d dx:rems di~sllD at the ooeditles of ioinelEity. based on ooD-
find, liminaing 4v r~z:s-etonl metbods at nea-stoodY eiwtii eioslW im .
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Solution for low frequencies teepcno
In the non-isothermol case (I am dB 0 z-z

'Nimi uIs treated tile eas, of i I hernn! oscilla. e (o22]

tionui. Mis treatment ill iminuetiatelv extendleu te. j j~~
thle iiln.jH,,tierinal Ags -'eumin.v it prelscribeul
terperatur, o.,ei ltion att tile entrnce oif thle riozzle where tilie inmtogration eoflitant C finn, to Ibe detertin-

'A it, stil it way tbat tilie right hand side of equa-

T £p t tion 122 1 vaimisi t 1, no that d3Blbdz Oulay
I ' .~remadin finite ait t hill point. We obtain

we have Im-tween ii i'l - . thle relation d 80) 0 log - + I- -

-.- 0. [141 a [logzx+ I: Y (23)

i nthle other hand equation [51] Vive
It is immediately 4eheeked that this; expression in

P- YB ( 151 regialar sit : I . A.%id iitionaI integration, with
the conudition followingi fronm (161 Mid 21]

and therefora we obtairk the relation ~uII~fl[241
- -e wouild give the (tumn-ingular) expreion for 8u1) (s).

Replacing now [1IT). 1,181 in equation [111 and again
which uletermineq the atnplituule of the (lenuity omrilla- euauiting the euticnts of thle snane powers of ift
tion at thle entrance of the nozzle when 0 &and a one obtains, with the tise of 211. 23], (24]
are atsignod. Of course one could prescribe, insmtead
of arbitrary valuest of 0 and a. arbitrary values of 9 0
old 3. and determine the corresponding values of ItV v~

trn Tspien's cawe 0 - 0i. .l a 2_ogZ+ +
iAt :ow frequnee. we can expand all futantitiea [25___

and therefreruillina [171, (191:

V. V.tI. t ±r- I0
V (2. ,l V6 W~ + jVill (2) + ... [IS B 8. B.", + '. A~ ... 2 -a (26]

Iteplacinqt [I',] in equation [121 and eqitatitiq the 0 -aV ~ i3 .. l (l
coefficieunts of the Flame powerst of i o, thle equation
breaks tip into Thlis quantity. representing thle complex ratio

between the fractional variations of velocity and
is~ 341h 41 AM5 desity at the entrance of the nozzle. and analogous

:( )da' - 57T t Il to the reeiprocalimp!eineor aeouasc can swusead

as t~tudstry condition for the reet of the flow systsm,
It' atl .18111 2 e1 B'' In oscillatory qtato. We Mee that [261 depends only

-- s ry+T I * + on 0, xanti the ratio 0/4. The first term of theueries
I ii(I +(2~ 241 applies to the sttrady state and contains as
T~ Y y+ I ye) particular easies the isothegmal case 0 - 0 where

the veloicity cannot chlango Ie. - 0); the isentropic
Theo solution of f 101 whIeh is non suingular at: I case a - 0, v.18. - IT- 4)12. and the iotn

1s 11A. - 4-onit. and therefore. moinee the shitlon (171 0 - a. B. - 0. Equation (26] shows that even for
must hold at 4 II from (I a] we nhtitin modieraite p the boundary condition Imposed byth

noxyle con change constndetrably sines both the phase
-0..[1 and the amplitude ratio between velocity and density

fuctuations ame affected considerably.
The same procedture can be used. without suab.

rntiodueln-1 this value In equation (201. and into. Pittantial difficulty, to compute higher ordier term
grating thIs first ordler equtation In d $'I.;r: wo obtain ir i.



where the constant C is determined by tl~o etindi-

Solution for high frequencies tion [16l] at z -z. and is exrs d by

In the non-isothermal case

F'ollowint: a proiINII ii ontilar ti lit lione iotnl by ,-I - ti v--l --

Turno wo tirmt iloterinine lte piarticular molittion A
of omltIion [1 211 tauking

Coming now to equation [I I wind recalling that 80

att (1 -(i)does not bring any contribution to v tip to terms
of order ( 1'ipl to this order we can express v &L%

Will rrplj%4ing it in eqpiatii f 12). An Plllation for ( I

Z :1is* btindwhich can be solved liy steries taking V ~ + t

Z ( DO (Z + I + MZ + Gexp(I Yf:." + yof -

and equating the coallicieots of the same powers of i 9. and. aifter subsititution in equation (H)I and comnpa.
'Lte result is risen of terms with name powers of i , we find

'60________

- 1Y - IfIj ++ "7 - [ 33]

Replacing [271 in equation [IlIl, the correspond- y'U) being given by [28], [201.

ing value of v is found to be zero (by pushing the Finally computing v at z - z. from [32] and recal-

expansionsi to higher powers it is actually found ling the condition [ 16] we find

that the first non vanishing term in the series for v

corresponding to the particular solution [271 is the e
term in (i5.The a0 fulfils the condition of v. I .s ... 

1  
______

regularity at t-=1, but not the condition [161 a. O- 7 -Y+1 I I Y-1+

at * - Z.. -2 . -I

Therefore a solution of the homogeneous equa- -

tion corresponding to [121 must be determined. 7 + >1 [4

If we take 8 -= ezp (i 0 X. W:) anti replace in this 0- . )[4

homogeneotiq equation, we find that the derivative

dV)I1Z "v tj:l satisfies the Iticcati's equation With 7l."', 7J" giVemi bty equation- [3131. [23]. 1291 at

X) * !! 4- 2(l'---s B-iP_:(l <Yl. 7igher tnIer terms in expansions 127). (30]. [32]
dz 2 (y+ 1) ' Y+l) and [:1 can easily be compuated. Agrain we ite

Intoduint inthi eluaiontheseresthat v./8. depends only nt0 andi Ga. lor 0
Intoduinginthi eqatin iteseresd 3o ( 34] gie Tsi. it'" -omult.

Y 12)- Vol(Z) + Y'11 + ..
y~z) ='(:) +Practical range of Ai

and equating the terms with equal powers of ift we
obtain It is interesting to investigate if equations [26]

1(1Z -- 1 I~ I or [341 can be used for stability computations of
1s - - I- (1'-i -1__ (2.. 1 prctca combustion systems. It seems to day esta.

(Y'+ 40 -X 2 zblished that high frequencies appearing in unstable

Y+l I I , combuntion are close to the natural moldes of oncilla.

Iii ;r t i~on of the combustion system, that is - for in-

1/ + (7 29] stance -- to the organ-pille frequencies if the corn.

-2 y-~ 1 *1 bustion chamber is of elongated form. The fundis-
-Y + mental organ-pipe mode has an angular frequency

Wt - Il cejL, c. representing the sound velocity in

where only the solutions remaining regular at s - I the chamber and L Its lornuht. Hence from [101 we

have been considered. The solution of equation [ 12] have 0 - it e. IIle. - a,) L. New r. Jr. - U.) is

,-an be put now under the form closme to one, so that, if the length of the subsonic

portion of the nolutle is around 11l3 of the lengthm of

8,-Oep I. Villd, +the chamber. 0 Is around unity for the fundamental
Y ft. + [*0]1 mode. sround two for the second moe& and so en-
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Tis atpproximaulte o1 01ttAtitinf MIUwN t herefoire thaut inent rF. Tlim particuilar miiattionfl b e exprssaed

iinletts1 the tzeoietry ''f thre mystem i quite diifferent itsit leaIb r c ttbhltiatii n Of thea ericll iexpim3ina tw44

frm the wiuenl One o .tef the pwtot iatrticulanr iolut itim of thre liipcrgeolaetric t~lisativon

,.ctiol -1,.1 lo nt gie Owitch help if thre freqjuent."e iIn 1lw~ X4fC of

. re ltlISO to tilt) .HILtniI llloM4C)4 of OM-wilhitiOlt 'If thlt' oo miehel, n toi. Ileip. part icularly wk-.ftil in the

vhnmtfklwfri - ilir illiSt14 - lil* tx66ied of - mrvall jpreqelt valo. is iref. !

intz - eowliti,,m irce toos

[Itof/(all _ ~ c I

______ rc-~,ri+ ra+b

Solution fo rl froqu+ le

b~ In rho± l)Vtopc oss hee 3

Fotuatl it ~ ihnr powil to' rtake14'~t4 wianag tsfJ ththe~rt

Comptita tb io.L--herag offaun..-
lertlter* 'it avoid tiremhlh roilltitiol-einnlle will tte I.414 1i

o iriniopIe t o Pan'i r ticlar ---olih' 4ion s ihv I tiiu t he l~two IrOnimi I ,jum ttta giit by1) f41 ie t co i* b. vd

-u.e I Ift )VtFh --I4, -- l--r.rer- e

rd ob i e f rm t ui te itf i CI lyf the th V). O C' to HM . +l [40 ill +ien h~Oi l 3

therefZo e Al emie and Is i04 by 't 2.I.fo .inter c' ntie+ qanit

mhowever to i pronoenelit hetiot beti followe in wt the brac)eits . peit [40 taihes r(tirrn i

pti, l wc irsne solutio enrotanly qu Pite small( eimtly hee)30 iefltrael gtebakt

at zerenI is gien by too knor. hre dimety seisbeoininiiy .The. cormon al O

in pors of ihtehl Iof: a e on througha~ fth 4. 2y la-I lm roe to bee.,

+) 1)i (b (bi)+ ( + 1) Y+(~ 4( + I).[3
C (C 1i)

whee ~~ ~wer tx' rereens aesa~t theal timma fuctonofarithmic-loe +

III- hi (Im +as Q)hea h ml 5m.I t ~.w~. ~-lt.R,-13) iel.Ienuh
Is Iige kN.vtie Ife the Mashli Ail(Ittia .41.h 14.iec 11)ae o nmes

the awimeit x
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We obtain differentiation. The ral and the imaginary part
+ 2 ip of this quantity, the first livided by 3 and the

D,1 = l 1 ' -:- I A. + second by 3f for convenience of" scale, amre given hor
D 4-]-- l s 5 ) A.+J y_ = 1.2 in figures 1 and 2. The number of terms

(- l , -, r(.v+au_,,+i.,_-b)_2, - sed in the computation aro stilicimt ri give very
r accurate values up to .- 1 for series (421 aind

s-1 - (s + j)- 21. [44] reasonable accurate data up to z .3: the corre-

sponding limits for series [351 are z - .S and z .7.
The convergence of the last series is -ery fast for Ietween .3 and .7 the dotted curve is only interpi-

high values of a. D, has been therefore computed lated. The lines for t = 0 are entirely compoute,

from [44] only for the highest value of * needed in from the equations

the evaluation of [42]; and for the other values of

1)., from the recurrence formula rni it. I,. j ~~-)(1-II I Iroli vII

( -- Il : -

0)+ - . [,--,a 8 (-'I +- -oi-.(Ci-"Z),

The solution [37] can be expresse ,is 2 ) Z

* l (I 18\ lourz~l-z

8 -C'j (a, b: c; I - z) jiLm '' dziJ '1) o=

with the constants C' and C connected through [39]; which can ei derived with the proecldre umed yrpr.

and [42] provides the series expansion suited for Niously for small P.
computations at z = z.. Actually to solve the pro. For - " the tirst of the two quantities goes

blem of the boundary condition equivalent to the to zero., bt the second one takes the expression
presence of the nozzle we need only the calculation

of v/8 and therefore, from equation [1l1, f the [, I
quantity (Ill) (dIdz) = 11F) (dF[d). independent - 8 ))]
of the vaitses of the integration constants C or C',
and easy to calculate from the inverse ratio of se- y1e1 being given by equation [281. Both quantities
ries (42] or (35] and the series obtained through their tend logarithmically to infinity at = , a value

!I , 1" I
.? . 015

-a 0.0

fl!

00 02 0.4 06 0.8 Z 1 0 02 Q4 ad O.8 I

Pta. IFia. 2
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Mill1 AIMh tta,N tr oi~iir in itracic. The. lashaivj .0r
,, (1 8.) d 8 dzl. is better ween int fiLuro 3 where

his quatity livided 6N. is 41r1.nedi tile 21

,mIiplux platie 6r viarittis 13ie~. I .
Frm(1 . , 8 '12z, and eqinueni till the qinutt1tlt Z:-

v,18. ItsI been compultedl. Figuro. 4 and. .5 'I' _______

thos real ond the, imiaryiitrt -in v,,, .s as Jimiiimi

4 ordfemeit %aities ,t :,. Fij..z v 6 ! ~. a

roeieitt mi . & v~j8. in the (iziilox dli, f, tin

at tile 1etizzlo entrenvo t he rat., 4 ' the ampifiitudv i'

IIIVaso s m iV with Iincjlu i ~ifli req tlttfllti. Ittilt! Car-

4 -

----- T -
tFIGt. 5

2,11rea s a f it. .rt.1 a I V v

tie plumet n jit'r m sit h t lin 111LIIt vII i. i istnlt
tions, pan hm~rtlata I '1 tini olrtiiv li sthetn der

nmicl copted~itf vat 4tltv.;8. im wit a =it t,,

marticulrolm n the ncontplelk hate te pratical

at ~is e same- etuatian iin he (i] frofiie

(uS problem at o liea weity diIdidl. .. in
3 4 t S ~tiona vo teeatin rt, eenm yid t th sni

a.poitiua ineeet t tesoifp te nzmIzwe 14hape.tlereio

1i- 1
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It k~ iteres1tinir, to *Iev'that~ tire frtwiionil. andl tho nimpiitqule 4. the orililationo u .it lit, related
o,ilhltiout if 31puwh nutmber, given in Me- i~ sontrnpwi t6-6the ampliude of nwillation of lrretsore. *ienirty

sit tho throat eiliod to 7~rV~iijriiricOW i t- nozzle entrinrc.

- 1iraifiv we oltsar-r- With riielt thalt. c.t1weitalt
1tv y~t (3- - i 5I for iShort appronewle" to thle thlroa tfle onle-dirnen.

ji... 2J 0. 5 a,- ) ,sional t aauamrtion van fro ve'ry miieh in error, and
that aiilit ioal *'rriormii re iii i o-x 1,citeil fromn tire

juti iq v litcr.'orr iiilfer..iit Ir ii z.r, 6o-i livtit 't.'h fil-t t hat Ilike thuIis hasIein pt.idm~ihu asi it frimt un*
,,su. fin.- t4 therefi,, iuiillut iti itrmiid tire thtrm, lei.. irk, at in trinn ri-act ina ifm.

111-YFEN *K

(I I. f. -*t 1iittqf The Treinsif r F,,,c'i. no iii IRoek. t f-?) C'. S-mw :The a~qesend nd! Liqendrot
*V:js Jotirnil of' i Iw, A owrir-an I ti..k..t S,- ....u*.,I .1 , q4rtiiuhs Aphoo , to fra bEqualtns



SUPERCRITICAL GASEOUS DISCHARGE WITH HIGH FREQUENCY OSCILLATIONS
by L. CROCCO

For *oe.rat problems connectotl with jetf proluilsion niozzle. Unidler rertain remirictive aumpiuinx he
it is reut 1oii to know the lsxhAvior ofa iiearcniticul huts given the solo? ioin tin the twot 4.trein. cases ofi
,laeharcuiz wazI,' when thle eondfitionints ustrenim of ve'ry 14ow anrd of %v rv high frequency. Here t he
the nozzle are oscillating. Tsion hans reeotty -tudy i extended t- nmore general isotsiptiuns.
analyzed the question in the case in which the oacifla- Moretver, in the case in which the upsttreams u,,cil.
tion amiplaiudes atre small and the velocity axial lations tire isentropie, the molution is given in the
dlistribut ion is linear in the stubsonic po~rtion ofl the comnplete range of freuencies.


